There are two conjectures concerning planar graph colourings that are strengthenings of the four colour theorem. One concerns signed graph colouring and is proposed by Máčajová, Raspaud andŠkoviera. It asserts that every signed planar graph is 4-colourable. Another concerns list colouring and is proposed by Kündgen and Ramamurthi which asserts that if L is a 2-list assignment of a planar graph G, then there is an L-colouring of G such that each colour class induces a bipartite graph. In this note we prove that the first conjecture implies the second one.
The four colour problem is perhaps the most influential problem in graph theory. The statement that every planar graph is 4-colourable remained a conjecture for over a century before it was confirmed by Appel and Haken [1] in 1977 by a computer assisted proof. Later, a simpler but still computer assisted proof based on the same general approach was given by Robertson, Sanders, Seymour and Thomas [4] . The study of the four colour problem generated many powerful tools in graph theory, and also motivated many related theory and challenging problems. In this note, we explore a relation between two conjectures that are strengthenings of the four colour theorem.
One conjecture concerns colouring of signed graphs. Assume G is a graph. A signature of G is a mapping σ ∶ E(G) → {1, −1}. A signed graph is a pair (G, σ) , where G is a graph and σ is a signature of G.
In the 1980's, Zaslavsky studied vertex colouring of signed graphs [7] . He defined a colouring of a signed graph (G, σ) as a mapping f ∶ V (G) → {±k, ±(k − 1) . . . , ±1, 0} such that for any edge e = xy of G, f (x) ≠ σ e f (y). In 2016, Máčajová, Raspaud andŠkoviera [3] defined the chromatic number of a signed graph as follows:
is a signed graph and k is a positive integer. If k = 2q is even (respectively, k = 2q + 1 is odd), then a k-colouring of (G, σ) is a mapping f ∶ V (G) → {±q, ±(q − 1) . . . , ±1} (respecitively, f ∶ V (G) → {±q, ±(q − 1) . . . , ±1, 0} ) such that for any edge e = xy of G, f (x) ≠ σ e f (y). The chromatic number χ(G, σ) of (G, σ) is the minimum k such that (G, σ) has a k-colouring.
A signed planar graph is a signed graph (G, σ) such that G is a planar graph. As a generalization of the four colour theorem, Máčajová, Raspaud andŠkoviera proposed the following conjecture in [3] :
Conjecture 2 Every signed planar graph is 4-colourable.
Another conjecture concerns list colouring of planar graphs. Thomassen proved that every planar graph is 5-choosable [5] . However, as shown by Voigt [6] , there are planar graphs that are not 4-choosable. Nevertheless, there is an interesting list version of the four colour theorem, which is a conjecture proposed by Kündgen and Ramamurthi [2] :
Conjecture 3 Assume G is a planar graph and L is a 2-list assignment of G. Then there is an L-colouring φ of G such that each colour class induces a bipartite graph.
Conjecture 3 is equivalent to say that if L is a 4-list assignment of a planar graph G in which colours come in pairs, and for any vertex v, a colour occurs in L(v) if its twin occurs in L(v), then G is L-colourable. Thus Conjecture 3 is also a strengthening of the four colour theorem.
In this note, we prove that Conjecture 2 implies Conjecture 3.
Theorem 4 Assume G is a planar graph. If for any signature σ of G, the signed graph (G, σ) is 4-colourable, then for any 2-list assignment L of G, there is an L-colouring of G so that each colour class induces a bipartite graph.
Proof. Assume G is a planar graph such that for any signature σ of G, the signed graph (G, σ) is 4-colourable. Let L be a 2-list assignment of G. We assume the colours are linearly ordered, say for each vertex v of G, L(v) is a set of two positive integers. We denote by min L(v) and max L(v) the minimum and the maximum colour in L(v), respectively. We define a signature σ of G as follows: For e = uv ∈ E(G), let
Let f ∶ V (G) → {±1, ±2} be a 4-colouring of (G, σ). We define an L-colouring φ of G as follows:
Now we show that for any colour i, φ −1 (i) induces a bipartite graph. Let
Assume e = uv is a positive edge.
In the former case, f (u), f (v) ∈ {−1, −2} and in the latter case, f (u), f (v) ∈ {1, 2}. Since e is a positive edge, we have f (u) ≠ f (v). Therefore f (u) ≠ f (v) , i.e., ψ(u) ≠ ψ(v).
Assume e = uv is a negative edge. Then either i = min L(u) = max L(v) or i = max L(u) = min L(v). In the former case, f (u) ∈ {−1, −2} and f (v) ∈ {1, 2}, in the latter case, f (u) ∈ {1, 2} and f (v) ∈ {−1, −2}. Since e is a negative edge, we have f (u) ≠ −f (v). Hence again f (u) ≠ f (v) , i.e., ψ(u) ≠ ψ(v).
